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We consider the classical energy conditions (strong, null and weak) in Starobinsky supergravity
theories. We study in detail the simplest Starobinsky supergravity model in the ”old-minimal”
supergravity setup and find examples of violations of each energy condition for a certain range of
the parameters due to extra scalar d.o.f. present in supergravity. We find the null and weak energy
conditions to be preserved and the strong energy condition to be violated in the physically relevant
examples such as inflation and dark energy.
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1. INTRODUCTION
In a metric theory of gravity, energy conditions lead to very deep implications on the fundamental issues such as
causal space-time structure, space-time singularities, geodesic dynamics, gravitational attractiveness, etc. The energy
conditions are also used in several important theorems of General Relativity (GR). For example, as is well known,
Penrose’s theorems rely on some assumptions about the so-called Null Energy Conditions (NEC) [1–3]. A violation of
the NEC may avoid singularities that are generically present in classical solutions to General Relativity equations of
motion. On the other hand, a large violation of the NEC may also lead to dangerous consequences to the laws of BH
thermodynamics, Cauchy’s theorems, Cosmic Censorship, wormholes, violations of causality and quantum space-time
nucleation instabilities — see, for example, [4, 5] for reviews.
Various energy conditions can be formulated in General Relativity as bounds on the matter energy-momentum
tensor, by contracting the latter with time-like and null vectors. The mostly used are the so-called Strong Energy
Condition (SEC), the Null Energy Condition (NEC) and the Weak Energy Condition (WEC). Under general assump-
tions of GR, those energy conditions are applied to Einstein’s field equations and Raychaudhuri’s equation (subject
to Hawking-Ellis decomposition) given by [6]
θ˙ +
θ2
3
+ 2(σ2 − ω2)− W˙ a;a = −RabW aW b , (1)
where 2σ2 is the shear tensor, θ is the expansion scalar, ω2 is square of the vorticity tensor, Rab is Ricci tensor and
Wa is a time-like or a null-like 4-velocity vector.
GR is an impressively successful theory of gravity, and it was verified against many experimental texts. However,
GR still has many unsolved problems as regards dark matter, dark energy, black holes, space-time singularities,
cosmological inflation, etc. Though Einstein’s field equations are rather complicated PDE’s, the Einstein-Hilbert
action is obviously the simplest consistent metric action leading to the standard Newtonian limit. However, in many
occasions as, for example, the early universe, the Newtonian limit is not required, so that the Einstein-Hilbert action
may be modified to a more general one under the conditions of locality and general covariance. One of the simple
extensions is a replacement R→ f(R), where f is an analytical function of the Ricci scalar R, known as f(R) gravity.
The f(R)-gravity leads to the higher derivative terms of the metric field in its equations of motion, unlike the minimal
EH action that also has higher derivatives but they disappear in the equations of motion. When demanding stability
2of f(R) gravity, i.e. the absence of ghosts and tachyons, it is always possible to transform it into a scalar-tensor theory
of gravity without higher derivatives but with an extra scalar d.o.f. known as scalaron (see [7–10] for reviews).
The simplest example of a ghost- and tachyon-free f(R) gravity is given by the famous Starobinsky model [11] with
SStar. =
∫
d4x
√−g
[
1
2
R+
1
12M2
R2
]
, (2)
where we have used natural units with the reduced Planck mass MPl = 1. This model is an excellent model of
inflation, having very good agreement with the Planck data [12]. The Starobinsky model is geometrical (i.e. includes
”gravity” only), while its only (real) parameter M can be identified with the scalaron mass. When being considered
as the inflationary model, the mass parameterM is fixed by the observational Cosmic Microwave Background (CMB)
data as M = (3.0 × 10−6)( 50Ne ) where Ne is the e-foldings number. The corresponding scalar potential of scalaron φ
in the dual (scalar-tensor gravity) picture is given by
V (φ) =
3
4
M2
(
1− e−
√
2
3
φ
)2
. (3)
This scalar potential is bounded from below (actually, is also non-negative and stable), with its minimum corresponding
to a Minkowski vacuum. The scalar potential (3) has a plateau of a positive height, which describes the inflationary
era.
The energy conditions in f(R)-gravity have to be extended vs. Einstein’s General Relativity [15, 16] because the
scalaron field, propagating in f(R)-gravity, contributes to the effective energy-momentum tensor. That is why, for
instance, Capozziello et al. suggested to dub it as a geometric fluid in [16].
One may naively expect that the nice features of f(R) gravity and Starobinsky model mentioned above would be
automatically valid in their supergravity extensions also, as well as the corresponding energy conditions. We find in
this paper that it is not the case. We confine ourselves to a supergravity extension of the Starobinsky (R+R2)-gravity
only, and call it the Starobinsky supergravity. As was demonstrated in [17, 18], the supergravity extensions of (R+Rn)-
gravity with n ≥ 3 are plagued with tachyons and are unstable. On the other hand, supergravity has gravitinos that
can be good candidates for cold dark matter. 1 We study SEC, NEC and WEC in the Starobinsky supergravity
and find constraints on their applicability. Unlike (modified) gravity theories, supergravity highly restricts possible
couplings. Ghosts and tachyons can be avoided in the Starobinsky supergravity, and we always demand it.
2. THE STAROBINSKY SUPERGRAVITY
The most general extension of the Starobinsky (R +R2)-gravity (2) in curved N=1 superspace of the old-minimal
N=1 supergravity is given by [17]
S =
∫
d4xd4ΘE−1N(R, R¯) +
[∫
d4xd2Θ2EF (R) + h.c
]
, (4)
where the D-term is parameterized by a non-holomorphic real potential N(R,R), and the F-term is parameterized by
a holomorphic potential F (R), in terms of the N=1 covariantly-chiral superfield R and its conjugate R¯ that contain
the scalar curvature R in their field components at Θ2.
A generic theory (4) with arbitrary functions N and F can be transformed into the standard matter-coupled Einstein
supergravity (without higher derivatives) with the matter given by two chiral superfields, the inflation superfield Φ
and the Goldstino supergield S [13, 17]. It is the latter (dual formulation) that is usually considered in the literature.
In the absence of a D-term, the theory (4) is known as the chiral F (R)-supergravity [14] that is dual to the matter-
coupled Einstein supergravity with only one chiral matter (inflaton) superfield Φ, though the chiral F (R)-supergravity
cannot exactly reproduce the (R+R2) terms and the scalar potential (3).
In this paper we use the original formulation (4) of the Starobinsky supergravity (corresponding to the Jordan
frame), where its ”pure supergravity” (or geometrical) nature is manifest, because it highly constrains the inflationary
predictions. The full bosonic action of the theory (4), when all the fermionic terms vanish, was computed in Ref. [17]. 2
1 A supergravity scenario in which a continuos spectrum of supermassive gravitinos is non-adiabatically produced during inflation, was
considered in Refs. [19, 20].
2 See also Refs. [21–25].
3To simplify our discussion and make it more transparent, we choose here the ansatz
N(R, R¯) = 12
M2
R¯R − ζ
2
(R¯R)2 , F (R) = f0 + 3βR , (5)
with real positive parameters M , β and ζ, and a complex f0, whose physical significance is explained below. As
regards the energy conditions, we believe that our ansatz (5) captures the main features of a generic theory (4) also.
The bosonic part of the supergravity action depends upon (gmn, X, ba), where the complex scalar X and the
real axial vector ba represent the ”auxiliary” fields of the standard (without higher derivatives) old-minimal N=1
supergravity, which become dynamical in the higher-derivative theory (4). More precisely, the chiral scalar X is the
superpartner (sGoldstino) of the Goldstino fermion arising due to supersymmetry breaking during inflation, whereas
the divergence ∂ab
a of the ”auxiliary” vector field in the action (4) results in the presence of an additional propagating
real scalar that complexifies scalaron (we call it sinflaton). Those four scalar d.o.f. exactly correspond to the spin-0
components of the two chiral N=1 superfields in the dual formulation of the theory as a matter-coupled Einstein
supergravity.
We demand the absence of ghosts and the existence of a (classical) ground state, i.e. the boundedness of the scalar
potential from below. The bosonic part of our supergravity model reads
(−g)−1/2L =
(
β
2
− 2
M2
|X |2 + 11
12
ζ|X |4
)(
R+
2
3
b2a
)
+
4
3
(
1
12M2
− ζ
72
|X |2
)
b2aR
+
(
1
12M2
− ζ
72
|X |2
)[
R2 − (12∂aX)2 + 4(Daba)2 + 4
9
(b2a)
2
]
+ 48
(
1
12M2
− ζ
144
|X |2
)
baIm(X∂aX)− V (X¯,X)
(6)
with |X |2 = X¯X , and the scalar potential
V (X¯,X) = −6(f0X¯ + f¯0X) + 6 |X |2
(
−2β − 8
M2
|X |2 + 3ζ(|X |2)2
)
. (7)
Scalaron arises after dualization of the R2-term. As was demonstrated in Ref. [17], the divergence ∂ab
a obeys the
generalized (by some non-linear terms) Klein-Gordon equation with massM , so that it represents the sinflaton indeed.
In what follows, we make a further simplification of ignoring sinflaton by setting ba = 0 because sinflaton enters the
action via its space-time derivatives only, has the vanishing vacuum expectation values, 〈∂aba〉 = 〈ba〉 = 0, and does
not change our final results.
Equation (6) is obviously an extension of the Starobinsky model (2), and one gets it precisely when ba = X = 0
and β = 1. The role of the ζ-term in eq. (5) is also clear: ζ > 0 is needed to stabilize the scalar potential (7) of X . 3
The vacuum expectation value 〈X〉 ≡ X0 is determined by a minimum of the scalar potential (7), which implies the
equation VX = 0 that reads
|X0|2
(
9ζ |X0|2 − 16
M2
)
X0 − 2βX0 − f0 = 0 (8)
The presence of the linear term in (7), proportional to f0, is compatible with our consistency conditions, since it
does not destabilize the theory. The physical significance of f0 6= 0 is breaking the R-symmetry. However, this term
vanishes along the direction f0X¯ + f¯0X = 0 in the X-space. We find that this term does not affect our conclusions,
so we set f0 = 0 later in this Section, for simplicity. The vacuum solutions are R-symmetric in this case, under phase
rotations of X0.
Finally, the role of the parameter β is to normalize the Einstein-Hilbert term in eq. (6) by demanding
β = 1 +
4
M2
|X0|2 − 11
6
ζ |X0|4 . (9)
Physical properties of the Starobinsky supergravity depend upon the scales, X0,M and ζ. For instance, the scalaron
mass M0 is determined by the relation
1
12M2
− ζ
72
|X0|2 = 1
12M20
, (10)
3 The need of non-minimal terms in the dual version of Starobinsky supergravity was observed in Ref. [22].
4while M0 should be of the order 10
−6, as is required by the CMB observations. It implies
|X0|2 < 6
ζM2
. (11)
In the case of f0 = 0 the R-symmetry is preserved, the criticality condition (8) always has a solution X0 = 0 that
leads to V (X0) = 0 and β = 1. However, this critical point does not correspond to a minimum of the scalar potential,
as is also clear from (7). 4 Our model in this case appears to be very close to the original Starobinsky model (2), but
has a negative cosmological constant at the minimum of the scalar potential (7), i.e. V (X0) < 0 because β > 0 and
our scalar potential is bounded from below.
The only way to avoid V (X0) < 0 is to have β < 0, i.e. to go away from the ”canonical” values, β = 1 and X0 = 0.
Then (7) implies
|X0|2
[
9ζ |X0|2 − 16
M2
]
= 2β < 0 . (12)
It is a quadratic equation with the solution
|X0|2 = 9
8ζM2
[
1 +
√
1 +
9
32
βζM4
]
. (13)
This solution implies
β ≥ − 32
9ζM4
(14)
The corresponding value of the scalar potential is
V (X0) = 8 |X0|2
[
− 2
M2
|X0|2 − β
]
. (15)
Hence, having V (X0) ≥ 0 also implies β ≤ −2 |X0|2 /M2. Moreover, a consistency between (9) and (12) allows us to
exclude β and get another quadratic equation for |X0|2, whose solution is
|X0|2 = 18
19ζM2
[
1 +
√
1 +
19
108
ζM4
]
. (16)
Equations (11), (13) and (16) together tightly constrain the allowed values of the parameters ζM4 and β, though
they exist within the bounds
0 < ζM4 ≤ 108
19
[(
16
3
)2
− 1
]
≡ ζcr. (17)
and
0 > β ≥ βcr. ≡ − 76
153
[(
16
3
)2
− 1
]
−1
. (18)
Given ba = 0, the EoM of the Lagrangian (6) take the form
[f1(X) + 2f2(X)R]Gµν + f2(X)R
2gµν +Dµν = −72f2(X)∇µX¯∇νX + gµν
[
V (X¯,X) + 144f2(X)∇ρX¯∇ρX
]
, (19)
where we have introduced the notation
f1(X) =
(
β
2
− 2
M2
|X |2 + 11
12
ζ|X |4
)
, f2(X) =
(
1
12M2
− ζ|X |
2
72
)
, Gµν = Rµν − 1
2
gµνR , (20)
4 The same conclusion arises with a small f0 6= 0 and X0 ≈ −
f0
2β
.
5and
Dµν(X, gµν) = 2R(−∇µ∇ν + gµν)f2(X) + 2f2(X)(−∇µ∇ν + gµν)R+ (−∇µ∇ν + gµν)f1(X) , (21)
with  = (1/
√−g)∂ν√−ggνµ∂µ.
The EoM (19) can be rewritten to the ”Einstein-like” form
Gµν = − 1
f1(X) + 2f2(X)R
[
gµν
{
f2(X)R
2 − 144f2(X)∇ρX¯∇ρX − V (X)
}
+ D˜µν
]
≡ TGµν , (22)
where we have introduced the effective energy-momentum tensor TGµν with D˜µν = Dµν + 72f2(X)∇µX¯∇νX .
To further simplify our investigation, we assume slowly-varying fields by ignoring the D˜µν term, and take the X-field
in a Higgs phase with X = 〈X〉 = X0 at V ′(X0) = 0. It also implies
〈f1(X)〉 ≡ f¯1 = 1
2
, 〈f2(X)〉 ≡ f¯2 = 1
12M20
and 〈V (X)〉 = V (X0) ≡ V0 . (23)
In the FLRW background
ds2 = −dt2 + a(t)2[dr2 + r2(dθ2 + sin2 θdφ2)] (24)
the modified Friedman and Raychaudhuri equations without X-matter are given by(
a˙
a
)2
− 1
6(f¯1 + 2f¯2R)
{
f¯2R
2 + 6
(
a˙
a
)
R˙f¯2 − V0
}
= 0 (25)
and (
a¨
a
)
+
1
2(f¯1 + 2f¯2R)
{
2f¯2
(
a˙
a
)
R˙+ 2R¨f¯2 +
1
3
f¯2R
2 − 1
3
V0
}
= 0 , (26)
respectively. These equations can be rewritten to the standard form by introducing the effective gravitational pressure
pG and density ρG after decomposing the energy-momentum tensor as
TGµν = ρ
Guµuν + p
G(gµν + uµuν) . (27)
We find
ρG =
1
2(f¯1 + 2f¯2R)
{
f¯2R
2 + V0 + 6f¯2
(
a˙
a
)
R˙
}
(28)
and
pG = − 1
2(f¯1 + 2f¯2R)
{
f¯2R
2 + V0 + 4f¯2
(
a˙
a
)
R˙+ 2f¯2R¨
}
. (29)
It implies
ρG + pG =
f¯2
(f¯1 + 2f¯2R)
[
−R¨+
(
a˙
a
)
R˙
]
= − f2
f¯1 + 2f¯2(6H˙ + 12H2)
[6H¨ + 24H˙2 + 18HH¨ − 24H2H˙ ]
(30)
and
ρG + 3pG = − 1
2(f¯1 + 2f¯2R)
(
2f¯2R
2 + 2V0 + 6f¯2
(
a˙
a
)
R˙+ 6f¯2R¨
)
. (31)
In the FLRW case, we have
R = 6
(
a¨
a
+
a˙2
a2
)
= 6H˙ + 12H2 , R˙ = 6H¨ + 24HH˙ and R¨ = 6
...
H + 24H˙
2 + 24HH¨ . (32)
The physically relevant situations (inflation, dark energy, black holes) correspond to R ≥ 0, so that the condition
f¯1+2f¯2R > 0 or, equivalently, R > −3M20 , always applies. Equations (28), (30) and (31) are needed for studying the
energy conditions in the next Section.
63. THE ENERGY CONDITIONS
The NEC reads
Tµνn
µnν ≥ 0 , (33)
where nµ is a generic null-like vector. In the FLRW background it corresponds to
ρG + pG ≥ 0 . (34)
Hence, in our case (30), we have
0 ≤ pG + ρG = f¯2
f¯1 + 2f¯2R
[
−R¨+HR˙
]
. (35)
When R˙ = 0, this condition is satisfied in its extremal bound corresponding to w = −1. The NEC is generically
satisfied when R¨ << HR˙. For instance, given the inflationary conditions H ≫ M0 and H˙ ≃ 0, the NEC is always
satisfied.
The WEC reads
Tµνu
µuν ≥ 0 , (36)
where uµ is a generic time-like vector. The corresponding FLRW condition reads
ρG ≥ 0 (37)
and, in our case (28), takes the form
1
f¯1 + 2f¯2R
[
f¯2R
2 + V0 + 6f¯2
(
a˙
a
)
R˙
]
≥ 0 . (38)
In the case of slowly varying fields, it amounts to
R2
12M20
+ V0 ≥ 0 . (39)
In a generic case, (38) is easily satisfied as long as R, R˙ ≥ 0 and V0 ≥ 0. The restrictions on the parameters for V0 ≥ 0
are given in the previous Section.
The SEC reads (
Tµν − 1
2
Tgµν
)
uµuν ≥ 0 , (40)
where uµ is a generic time-like vector. In the FLRW case it reads
ρ+ 3pG ≥ 0 (41)
and because of (31) takes the form
− 1
(f¯1 + 2f¯2R)
[
f¯2R
2 + V0 + 3f¯2
(
a˙
a
)
R˙+ 3f¯2R¨
]
≥ 0 . (42)
This condition in the case of slowly varying fields amounts to
R2
12M20
+ V0 ≤ 0 (43)
that is the opposite to (39). The condition (42) can never be satisfied in an expanding universe when R, R˙, R¨, a˙/a > 0
and V0 ≥ 0.
74. CONCLUSION AND OUTLOOK
In this paper we applied the common energy conditions to the Starobinsky supergravity theories (in the old-minimal
supergravity setup). We focused on the simplest model with a stable vacuum. Since the axion field is stabilized at its
vanishing value, we ignored its dynamics together with all fermions, and restricted ourselves to the (X,R)-sector of
the model. Even this simplified model is highly non-trivial with the complicated Lagrangian (6) due to the presence
of the non-minimal couplings of the complex scalar field X to both R and R2 terms in the gravitational sector and the
non-minimal self-interactions of the scalar field itself. Nevertheless, its scalar potential is fixed up to a few parameters.
The cosmological constant V0 can be non-negative though it leads to the tight constraints on the parameters of the
model. When the cosmological constant is positive, supersymmetry is spontaneously broken, while R-symmetry can
be preserved.
We calculated the EoM, identified the supergravity contribution to the effective energy-momentum tensor, and
then applied our results to the three energy conditions: NEC, WEC and SEC. These conditions take the form of
inequalities for the certain complicated quantities evolving in time when considering the complex scalar field X as a
dynamical field. In the case when the scalar field X is sitting in the minimum of its scalar potential (the Higgs phase),
those constraints are greatly simplified. In such case, the WEC can be easily satisfied, when back reaction is ignored.
The NEC is saturated to w = −1. It appears to be impossible to satisfy both WEC and SEC simultaneously. The
latter may not be surprising because the SEC violation is a generic feature of inflation and dark energy.
Though the Starobinsky supergravity appears to be compatible with both NEC and WEC after fine tuning of the
parameters, it apparently requires large positive values of ζ that seems to be rather unnatural from the phenomeno-
logical viewpoint. Our conclusions are the direct consequence of the dynamical nature of the X-field that has to be
stabilized by the ζ-term.
Instead of adding the stabilization term to the simplest N -function given by the first term in Eq. (5), one can
impose the nilpotency condition, R2 = 0, on the chiral curvature superfield R along the lines of Refs. [23, 24] and
thus get rid of the X-field. It leads to the so-called Volkov-Akulov-Starobinsky supergravity [25] with the sinflaton
originating from ba as the only extra bosonic d.o.f. In this theory one may eliminate violations of NEC and WEC,
apart from concern about possible loss of unitarity.
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